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Abstract Classic bilevel programming deals with two level hierarchical optimization
problems in which the leader attempts to optimize his/her objective, subject to a set of con-
straints and his/her follower’s solution. In modelling a real-world bilevel decision problem,
some uncertain coefficients often appear in the objective functions and/or constraints of the
leader and/or the follower. Also, the leader and the follower may have multiple conflicting
objectives that should be optimized simultaneously. Furthermore, multiple followers may be
involved in a decision problem and work cooperatively according to each of the possible
decisions made by the leader, but with different objectives and/or constraints. Following our
previous work, this study proposes a set of models to describe such fuzzy multi-objective,
multi-follower (cooperative) bilevel programming problems. We then develop an approxi-
mation K th-best algorithm to solve the problems.

Keywords Bilevel programming · K th-best algorithm · Fuzzy sets · Optimization ·
Multi-objective decision making ·Multi-follower bilevel programming

1 Introduction

Bilevel programming (BP) arises where decisions are made in a two level hierarchical order
and each decision maker has no direct control upon the decision of the other, but actions taken
by one decision maker effect returns from the other [1,2,4–6,15,16]. The decision maker
at the upper level is termed the leader, and at the lower level, the follower. The leader and
the follower each try to optimize their own objective function, but the decision affects the
objective value at the other level [12].
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The majority of research on BP has centered on the linear version of the problem, i.e.,
linear BP problems. A set of approaches and algorithms has been well developed such as
the well-known Kuhn-Tucker approach [2], K th-best approach [3] and branch-and-bound
algorithm [2,7]. In general, there are two fundamental issues in BP theory and practice.
One is how to model a real-world BP problem, and the other is how to find a solution for
a BP problem. Although much research has been done in the area, existing results cannot
adequately model and solve a BP problem well when it corresponds to the following complex
situations.

First, the decision makers at the upper level or the lower level of a bilevel decision problem
may have multiple conflicting objectives which should be considered simultaneously. For
example, a coordinator of a multi-division firm considers three objectives in making an
aggregate production plan: maximize net profits, maximize quality of products, and maximize
worker satisfaction. The three objectives could be in conflict with each other, but must be
considered simultaneously. Any improvement in one objective may be achieved only at the
expense of others. The one level multi-objective decision-making problem has been well
researched [11], but in a bilevel decision model, the selection of an alternative solution for
the leader is affected by his/her followers’ optimal reactions. Therefore, how to find a solution
for the leader who has multiple objectives under consideration of both their constraints and
their followers’ decisions needs more study.

Second, existing BP approaches mainly suppose the situation in which the objective func-
tions and the constraints of the leader and the follower are characterized with precise coef-
ficients/parameter. Therefore, the coefficients are required to be fixed by some values in an
experimental and/or subjective manner through the experts’ understanding of the nature of
the coefficients in the problem-formulation process. It has been observed that, in real-world
situations, the possible values of these coefficients are often only imprecisely or ambiguously
known to the experts who establish the models. With this observation, it would be certainly
more appropriate to interpret the experts’ understanding of the coefficients as fuzzy numeri-
cal data which can be represented by means of fuzzy sets [17]. A BP problem in which the
coefficients, either in objective functions or in constraints of the leader or the follower, are
described by fuzzy values is called a fuzzy BP problem [13,14].

Thirdly, multiple followers may be involved in a bilevel decision. These followers may
have different objectives and/or different constraints, but could work cooperatively through
sharing variables in their objective and/or constraints or uncooperatively. Therefore the
leader’s decision will be affected not only by those followers’ individual reactions but also
by the relationships among these followers.

This paper deals with the above three situations together. The relationship among followers
occurs in many situations which need different BP models and algorithms; this paper focuses
on the situation where all followers share their decision variables, called cooperative followers
[23]. In our previous study, we developed related methods to solve the fuzzy BP problem [10,
18–20] and multi-follower BP problem with an uncooperative situation [8,9]. We have also
conducted research on the model and solution where the leader and the follower have multiple
objectives with fuzzy coefficients [21,22]. This paper aims to develop models and algorithms
for fuzzy multi-objective multi-follower BP problems (FMMBP) where all followers are in
a cooperative situation, called FMMBP-C problem, and focuses on a linear version of the
problem.

Following the introduction, Sect. 2 gives models, related definitions, theorems, and prop-
erties for FMMBP-C problems. A general fuzzy number based approximation K th-best
algorithm for solving FMMBP-C problems is presented in Sect. 3. Two numerical examples
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are shown in Sect. 4 for illustrating the proposed models and algorithms. Conclusions are
discussed in Sect. 5.

2 Models for fuzzy multi-objective multi-follower bilevel programming within a
cooperative situation

Let R be the set of all real numbers, Rn be n-dimensional Euclidean space, and x =
(x1, x2, . . . , xn)T , y = (y1, y2, . . ., yn)T ∈ Rn be any two vectors, where xi , yi ∈ R, i =
1, 2, . . ., n and T denotes the transpose of the vector. For any two vectors x, y ∈ Rn , we
write x � y iff xi ≥ yi ,∀i = 1, 2, . . . , n; x � y iff x ≥ y and x �= y; x > y iff
xi > yi ,∀i = 1, 2, . . ., n.

Let F(R) be the set of all finite fuzzy numbers. By the decomposition theorem of fuzzy
sets, we have

ã =
⋃

λ∈[0,1]
λ[aL

λ , aR
λ ],

for every ã ∈ F(R).

Definition 2.1 Let ãi ∈ F(R), i = 1, 2, . . . , n. We define ã = (ã1, ã2, . . . , ãn) : μã :
Rn →[0, 1], x �→ ∧n

i=1μãi (xi ), where x = (x1, x2, . . ., xn)T ∈ Rn , and ãis called an
n-dimensional fuzzy number on Rn .

Let F(Rn) be the set of all n-dimensional finite fuzzy numbers on Rn .

Definition 2.2 For any n-dimensional fuzzy numbers ã, b̃ ∈ F(Rn), we define

1. ã	 b̃ iff aL
λ � bL

λ and aR
λ ≥ bR

λ , λ ∈ (0, 1];
2. ã 	 b̃ iff aL

λ ≥ bL
λ and aR

λ � bR
λ , λ ∈ (0, 1];

3. ã 
 b̃ iff aL
λ > bL

λ and aR
λ > bR

λ , λ ∈ (0, 1].

We call the binary relations 	,	 and 
 a fuzzy max order, a strict fuzzy max order and
a strong fuzzy max order, respectively.

A FMMBP-C problem means the followers totally share their decision variables in their
objective functions and constraints. However, there are four different sub-cases within the
cooperative situation which are determined by the relationships among the objective functions
and constrains of the followers. We therefore develop the following four models [23]:

Model I A FMMBP-C problem in which K (≥2) followers are involved and have shared
decision variables, objective functions and constraint functions is defined as follows:

For x ∈ X ⊂ Rn, yi ∈ Yi ⊂ Rmi , Y = (Y1, . . . , Yk)
T , F : X × Y1 × × · · · × YK →

F(Rs), fi : X × Yi → F(Rt ) and i = 1, 2, . . . , K ,

It consists of finding a solution to the upper level problem

min
x∈X

F(x, y) =
(

c̃1
1x +

K∑
j=1

d̃1
1 j y j , c̃1

2x +
K∑

j=1
d̃1

2 j y j , . . . , c̃1
s x +

K∑
j=1

d̃1
s j y j

)T

subject to Ã1x +
k∑

j=1
B̃1

j y j≺b̃1
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where yi (i = 1, 2, . . . , K ), for each value of x, is the solution of the lower level problem:

min
y j∈Y j

j=1,2,...,K

f (x, y) =
⎛

⎝c̃2
1x +

K∑

j=1

d̃2
1 j y j , c̃2

2x +
K∑

j=1

d̃2
2 j y j , . . . , c̃2

t x +
K∑

j=1

d̃2
t j y j

⎞

⎠
T

subject to Ã2x +
K∑

j=1

B̃2
j y j≺b̃2

where c̃1
i , c̃2

j ∈ F(Rn), b̃1 ∈ F(R p), b̃2 ∈ F(Rq), ãi j ∈ F(R), Ã1 = (
ãi j

)
p×n , b̃i j ∈

F(R), B̃1
z =

(
b̃i j

)

p×m
, ẽi j ∈ F(R), Ã2 = (

ẽi j
)

q×n , d̃1
i z, d̃2

j z ∈ F(Rm), i = 1, 2, . . . , s,

j = 1, 2, . . . , t, and z = 1, 2, . . . , K , B̃2
z =

(
s̃i j

)
q×m , s̃i j ∈ F(R), z = 1, 2, . . . , K .

Model II A FMMBP-C problem in which K (≥2) followers are involved and have shared
decision variables and objective functions but different constraint functions is defined as
follows.

For x ∈ X ⊂ Rn, yi ∈ Yi ⊂ Rmi , Y = (Y1, . . . , Yk)
T , F : X × Y1 × . . . × YK →

F(Rs), fi : X × Yi → F(Rt ) and i = 1, 2, . . . , K .

It consists of finding a solution to the upper level problem

min
x∈X

F(x, y) =
(

c̃1
1x +

K∑
j=1

d̃1
1 j y j , c̃1

2x +
K∑

j=1
d̃1

2 j y j , . . . , c̃1
s x +

K∑
j=1

d̃1
s j y j

)T

subject to Ã1x +
k∑

j=1
B̃1

j y j≺ b̃1

where yi (i = 1, 2, . . . , K ), for each value of x, is the solution of the lower level problem:

min
y j∈Y j

j=1,2,...,K

f (x, y) =
⎛

⎝c̃2
1x +

K∑

j=1

d̃2
1 j y j , c̃2

2x +
K∑

j=1

d̃2
2 j y j , . . . , c̃2

t x +
K∑

j=1

d̃2
t j y j

⎞

⎠
T

subject to Ã2
z x +

K∑

j=1

B̃2
z j y j ≺ b̃2

z , z = 1, 2, . . . , K ,

where c̃1‘
i , c̃2

j ∈ F(Rn), b̃1 ∈ F(R p), b̃2
z ∈ F(Rq), ãi j ∈ F(R), Ã1 = (

ãi j
)

p×n , b̃i j ∈
F(R), B̃1

z =
(

b̃i j

)

p×m
, ẽz

i j ∈ F(R), Ã2
z =

(
ẽz

k j

)

q×n
, d̃1

i z, d̃2
j z ∈ F(Rm), i =

1, 2, . . . , s, j = 1, 2, . . . , t, and z = 1, 2, . . . , K , B̃2
z j =

(
s̃z

i j

)

q×m
, s̃z

i j ∈ F(R), z =
1, 2, . . . , K .

Model III A FMMBP-C problem in which K (≥ 2) followers are involved and have shared
decision variables and constraint functions but different objective functions is defined as
follows.

For x ∈ X ⊂ Rn, yi ∈ Yi ⊂ Rmi , Y = (Y1, . . . , Yk)
T , F : X × Y1 × . . . × YK →

F(Rs), fi : X × Yi → F(Rt ) and i = 1, 2, . . . , K ,
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It consists of finding a solution to the upper level problem

min
x∈X

F(x, y) =
(

c̃1
1x +

K∑
j=1

d̃1
1 j y j , c̃1

2x +
K∑

j=1
d̃1

2 j y j , . . . , c̃1
s x +

K∑
j=1

d̃1
s j y j

)T

subject to Ã1x +
k∑

j=1
B̃1

j y j ≺ b̃1

where yi (i = 1, 2, . . . , K ), for each value of x, is the solution of the lower level problem:

min
y j∈Y j

j=1,2,...,K

fi (x, y) =
⎛

⎝c̃2
i1x +

K∑

j=1

d̃2
i1 j y j , c̃2

i2x +
K∑

j=1

d̃2
i2 j y j , . . . , c̃2

i t x +
K∑

j=1

d̃2
i t j y j

⎞

⎠
T

subject to Ã2x +
K∑

j=1

B̃2
j y j ≺ b̃2

where c̃1‘
i , c̃2

z j ∈ F(Rn), b̃1 ∈ F(R p), b̃2 ∈ F(Rq), ãi j ∈ F(R), b̃i j ∈ F(R), B̃1
z =(

b̃i j

)

p×m
, ẽi j ∈ F(R), Ã2 = (

ẽi j
)

q×n , d̃1
i z, d̃2

g jz ∈ F(Rm), B̃2
z =

(
s̃i j

)
q×m , s̃i j ∈

F(R), z = 1, 2, . . . , K , i = 1, 2, . . . , s, j = 1, 2, . . . , t, and g, z = 1, 2, . . . , K .

Model IV A FMMBP-C problem in which K (≥ 2) followers are involved and have shared
decision variables but different objective and constraint functions is defined as follows.

For x ∈ X ⊂ Rn, yi ∈ Yi ⊂ Rmi , Y = (Y1, . . . , Yk)
T , F : X × Y1 × . . . × YK →

F(Rs), fi : X × Yi → F(Rt ) and i = 1, 2, . . . , K ,

It consists of finding a solution to the upper level problem

min
x∈X

F(x, y) =
(

c̃1
1x +

K∑
j=1

d̃1
1 j y j , c̃1

2x +
K∑

j=1
d̃1

2 j y j , . . . , c̃1
s x +

K∑
j=1

d̃1
s j y j

)T

subject to Ã1x +
k∑

j=1
B̃1

j y j ≺ b̃1

where yi (i = 1, 2, . . . , K ), for each value of x, is the solution of the lower level problem:

min
yJ∈YJ

J=1,2,...,K

fi (x, y) =
⎛

⎝c̃2
i1x +

K∑

j=1

d̃2
i1 j y j , c̃2

i2x +
K∑

j=1

d̃2
i2 j y j , . . . , c̃2

i t x +
K∑

j=1

d̃2
i t j y j

⎞

⎠
T

subject to Ã2
z x +

K∑

j=1

B̃2
z j y j ≺ b̃2

z , z = 1, 2, . . . , K ,

where c̃1‘
i , c̃2

z j ∈ F(Rn), b̃1 ∈ F(R p), b̃2
z ∈ F(Rq), ãi j ∈ F(R), Ã1 = (

ãi j
)

p×n , b̃i j ∈
F(R), B̃1

z =
(

b̃i j

)

p×m
, ẽz

i j ∈ F(R), Ã2
z =

(
ẽz

k j

)

q×n
, d̃1

i z, d̃2
g jz ∈ F(Rm), i =

1, 2, . . . , s, j = 1, 2, . . . , t, and g, z = 1, 2, . . . , K , B̃2
z j =

(
s̃z

i j

)

q×m
, s̃z

i j ∈
F(R), z = 1, 2, . . . , K .

By analysing the above four models and using a weighting method, we can get a general
model (Model G) for FMMLB-C problems as follows.
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For x ∈ X ⊂ Rn, yi ∈ Yi ⊂ Rmi , Y = (Y1, . . . , Yk)
T , F : X × Y1 × . . . × YK →

F(Rs), fi : X × Yi → F(Rt ) and i = 1, 2, . . . , K ,

It consists of finding a solution to the upper level problem

min
x∈X

F(x, y) =
(

c̃1
1x +

K∑
j=1

d̃1
1 j y j , c̃1

2x +
K∑

j=1
d̃1

2 j y j , . . . , c̃1
s x +

K∑
j=1

d̃1
s j y j

)T

subject to Ã1x +
k∑

j=1
B̃1

j y j ≺ b̃1

where yi (i = 1, 2, . . . , K ), for each value of x, is the solution of the lower level problem:

min
y j∈Y j

j=1,2,...,K

f (x, y) =
⎛

⎝c̃2
1x +

K∑

j=1

d̃2
1 j y j , c̃2

2x +
K∑

j=1

d̃2
2 j y j , . . . , c̃2

t x +
K∑

j=1

d̃2
t j y j

⎞

⎠
T

subject to Ã2
z x +

K∑

j=1

B̃2
z j y j ≺ b̃2

z , z = 1, 2, . . . , K ,

where c̃1‘
i , c̃2

j ∈ F(Rn), b̃1 ∈ F(R p), b̃2 ∈ F(Rq), ãi j ∈ F(R), Ã1 = (
ãi j

)
p×n , b̃i j ∈

F(R), B̃1
z =

(
b̃i j

)

p×m
, ẽi j ∈ F(R), d̃1

i z, d̃2
j z ∈ F(Rm), B̃2

z =
(
s̃i j

)
q×m , s̃i j ∈

F(R), i = 1, 2, . . . , s, j = 1, 2, . . . , t, and z = 1, 2, . . . , K .

3 An approximation K th-best algorithm

This section will present an approximation K -best algorithm for solving a FMMBP-C prob-
lem. Associated with the FMMBP-C problem, we now consider the following multi-objective
linear BP (MOLBP) problem:

For x ∈ X ⊂ Rn, yi ∈ Yi ⊂ Rmi , Y = (Y1, . . . , Yk)
T , F : X × Y1 × · · · × YK →

F(Rs), fi : X × Yi → F(Rt ) and i = 1, 2, . . . , K ,

min
x∈X

(F(x, y))
L(R)
λ =

(
(F1(x, y))L

λ , (F1(x, y))R
λ , . . . (Fs(x, y))L

λ , (Fs(x, y))R
λ

)T
,

λ ∈ [0, 1] (1a)

subject to A1 L
λ x +

K∑

j=1

B1
j

L
λ y j � b1 L

λ (1b)

A1 R
λ x +

K∑

j=1

B1
j

R
λ y j � b1 R

λ , λ ∈ [0, 1]

min
y∈Y

( f (x, y))
L(R)
λ =

(
( f1(x, y)) L

λ , ( f1(x, y)) R
λ , . . . , ( ft (x, y)) L

λ , ( ft (x, y)) R
λ

)T
,

λ ∈ [0, 1] (1c)
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subject to A2
z

L
λ x +

K∑

j=1

B2
z j

L
λ y j � b2

z
L
λ , (1d)

A2
z

L
λ x +

K∑

j=1

B2
z j

L
λ y j � b2

z
L
λ , z = 1, 2, . . . , K , λ ∈ [0, 1]

where (Fi (x, y))L
λ = c1L

iλ x+
K∑

j=1
d1L

i jλy j , (Fi (x, y))R
λ = c1R

iλ x+
K∑

j=1
d1R

i jλy j ,
(

f z
j (x, y)

)L

λ
=

c2L

j zλx+
K∑

j=1
d2L

zi jλy j and
(

f z
j (x, y)

)R

λ
= c2R

j zλx+
K∑

j=1
d2R

zi jλy j , λ ∈ [0, 1], c1R

iλ
, c1R

iλ
, c2L

j zλ
, c2R

j zλ

∈ Rn, di jλ
1L , di jλ1R, d2L

iz jλ, diz jλ2R
λ

R ∈ Rm, bλ1L , bλ
1R ∈ R p, bzλ2L , b2R

zλ ∈
Rq , A1L

λ = ai j
L
λ , A1 R

λ = i j R
λ ∈∈ R p×n, A2L

zλ = eiz j
L
λ , Azλ2

R = eiz j
R
λ ∈ Rq×n,

Bzλ1L = biz j
L
λ , Bzλ1R = biz j

R
λ ∈ R p×m, B2L

zjλ =
(

Szj
ir

)L

λ

B2R

z jλ =
(

Szj
ir

)R

λ
∈ Rq×m, i = 1, 2, . . . , s, j = 1, 2, . . . , t, z = 1, 2, . . . , K .

By using Definition 2.2, we have

Theorem 3.1 Let (x∗, y∗) be the optimal solution of the MOLBP problem defined by (1) .
Then it is also an optimal solution of the FMMBP-C problem defined by Model G.

We can use the theory of solving fuzzy MOLBP [19] to find an optimal solution for Model
G because Model G is a fuzzy MOLBP problem.

Theorem 3.2 [22] For x ∈ X ⊂ Rn, yi ∈ Yi ⊂ Rmi , I = 1, 2, …, K , if all the fuzzy
coefficients have piecewise trapezoidal membership functions in Model G,

μz̃(t) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 t < zL
α0

α1−α0
zL
α1
−zL

α0

(
t − zL

α0

)+ α0 zL
α0

� t < zL
α1

α1−α0
zL
α2
−zL

α1

(
t − zL

α1

)+ α1 zL
α1

� t < zL
α2

· · · · · ·
α zL

αn
< t < zR

αn
αn−αn−1

zR
αn−1
−zR

αn

(
−t + zR

αn−1

)
+ αn−1 zR

αn
≤ t < zR

αn−1

· · · · · ·
α0 − α1

zR
α1
− zR

α0

(−t + zR
α0

)+ α0 zR
α1

� t � zR
α0

0 zR
α0

< t

(2)

where z̃ denotes any fuzzy coefficients in Model G, then, (x∗, y∗) is a complete optimal
solution to the FMMBP-C problem if and only if (x∗, y∗) is an optimal solution to the
MOLBP problem:

min
x∈X

(Fi (x, y))L
α j
= c1L

iα j
x +

K∑

z=1

d1L

i zα j
yz, i = 1, . . . , s, j = 0, 1, . . . , n (3a)

min
x∈X

(Fi (x, y))R
α j
= c1R

iα j
x +

K∑

z=1

d1R

izα j
yz, i = 1, . . . , s, j = 0, 1, . . . , n
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subject to A1L

α j
x +

K∑

z=1

B1L

zα j
yz � b1L

α j
, j = 0, 1, . . . , n (3b)

A1R

α j
x +

K∑

z=1

B1R

zα j
yz � b1R

α j
, j = 0, 1, . . . , n

min
y∈Y

(
f z
i (x, y)

)L
α j
= c2L

i zα j
x +

K∑

k=1

d2L

i zkα j
yk, i = 1, . . . , t, j = 0, 1, . . . , n

min
y∈Y

(
f z
i (x, y)

)R
α j
= c2R

izα j
x +

K∑

k=1

d2R

izkα j
yk, z = 1, . . . , K , (3c)

subject to A2L

zα j
x +

K∑

z=1

B2L

zzα j
yz � b2L

zα j
, j = 0, 1, . . . , n (3d)

A2R

zα j
x +

K∑

z=1

B2R

zzα j
yz � b2R

zα j
, z = 1, 2, . . . , K

We note

Ā1x + B̄1 y � b̄1 (3′b)

Ā2x + B̄2 y � b̄2 (3′d)

where

Ā1 =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

A1L

α0
...

A1L

αn

A1R

α0
...

A1R

αn

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, Ā2 =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

A2L

1α0
...

A2L

Kαn

A2R

1α0
...

A2R

Kαn

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, B̄1 =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

K∑
z=1

B1L

zα0

...
K∑

z=1
B1L

zαn

K∑
z=1

B1R

zα0

...
K∑

z=1
B1L

zαn

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, B̄2 =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

K∑
z=1

B2L

z1α0

...
K∑

z=1
B2L

zKαn

K∑
z=1

B2R

z1α0

...
K∑

z=1
B2R

zKαn

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

b̄1 =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

b1L

α0
...

b1L

αn

b1R

α0
...

b1R

αn

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, b̄2 =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

b2L

1α0
...

b2L

Kαn

b2R

1α0
...

b2L

Kαn

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.
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Then we can re-write (3a–3d) by using

min
x∈X

(Fi (x, y))L
α j
= c1L

iα j
x +

K∑

z=1

d1L

i zα j
yz, i = 1, . . . , s, j = 0, 1, . . . , n (3′a)

min
x∈X

(Fi (x, y))R
α j
= c1R

iα j
x +

K∑

z=1

d1R

izα j
yz, i = 1, . . . , s, j = 0, 1, . . . , n

subject to Ā1x + B̄1 y � b̄1, (3′b)

min
y∈Y

(
f z
i (x, y)

)L
α j
= c2L

i zα j
x +

K∑

k=1

d2L

i zkα j
yk, i = 1, . . . , t, j = 0, 1, . . . , n

min
y∈Y

(
f z
i (x, y)

)R
α j
= c2R

izα j
x +

K∑

k=1

d2R

izkα j
yk, z = 1, . . . , K , (3′c)

subject to Ā2x + B̄2 y � b̄2. (3′d)

To solve the FMMBP-C problem, we need to solve its transformed form (3′). For solving
(3′), we can use the method of weighting [13] to this problem, such that it becomes the
following problem:

min
x∈X

(F(x, y)) =
s∑

j=1

w j1

(
n∑

i=0

(
c1L

jα i
x +

K∑

k=1

d1L

jkα i
yk

)

+
n∑

i=0

(
c1R

jα i
x +

K∑

k=1

d1R

jkα i
yk

))
(4a)

subject to Ā1x + B̄1 y � b̄1, (4b)

min
y∈Y

( f (x, y)) =
K∑

z=1

wz

t∑

j=1

w j2

(
n∑

i=0

(
c2L

j zα i
x +

K∑

k=1

d2L

j zkα i
yk

)

+
n∑

i=0

(
c2R

j zα i
x +

K∑

k=1

d2R

j zkα i
yk

))

(4c)

subject to Ā2x + B̄2 y � b̄2 (4d)

In order to get a solution for above problem (4), we give a definition of optimal solution
and related theorems as follows.

Definition 3.1 (a) Constraint region of the linear BP problem:

S = {
(x, y) : x ∈ X, y ∈ Y, Ā1x + B̄1 y � b̄1, Ā2x + B̄2 y � b̄2

}
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(b) Feasible set for the follower for each fixedx ∈ X :

S(x) = {
y ∈ Y : B̄2 y � b̄2 − Ā2x

}

(c) Projection of S onto the leader’s decision space:

S(X) = {
x ∈ X : ∃y ∈ Y, Ā1x + B̄1 y � b̄1, Ā2x + B̄2 y � b̄2

}

(d) Follower’s rational reaction set forx ∈ S(X):

P(x) = {
y ∈ Y : y ∈ arg min[( f (x, ŷ)

) : ŷ ∈ S(x)]}

where arg min[ f (x, ŷ) : ŷ ∈ S(x)] = {y ∈ S(x) : ( f (x, y)) �
(

f (x, ŷ)
)
, ŷ ∈ S(x)}

Inducible region:

IR = {(x, y) : (x, y) ∈ S, y ∈ P(x)}
The rational reaction set P(x) defines the response while the inducible region I R represents
the set over which the leader may optimize his/her objective. Thus in terms of the above
notations, the linear BP problem can be written as

min{F(x, y) : (x, y) ∈ IR}. (5)

Theorem 3.3 The inducible region can be written equivalently as piecewise linear equality
constraint comprised of supporting hyper planes of constraint region S.

Proof Let us begin by writing the inducible region of Definition 3.1(e) explicitly as follows:

IR = {
(x, y) : (x, y) ∈ S, d̄2 y = min[d̄2 ỹ : B̄2 ỹ � b̄2 − Ā2x, ỹ ≥ 0]} (6)

Now we define

Q(x) = min
{
d̄2 y : B̄2 y � b̄2 − Ā2x, y ≥ 0

}
. (7)

For each value of x ∈ S(X), the resulting feasible region to problem (4) is nonempty and
compact. Thus Q(x), which is a linear program parameterized in x , always has a solution.
From duality theory, we get

max
{
u( Ā2x − b2) : u B̄2 � − d̄2, u ≥ 0

}
, (8)

which has the same optimal value as( 7) at the solution u∗. Let u1,..., us be a listing of all
the vertices of the constraint region of( 8) given by U = u : u B̄2 � − d̄2, u ≥ 0 Because we
know that a solution to( 8) occurs at a vertex of U , we get the equivalent problem

max
{

u j ( Ā2x − b̄2) : u j ∈ {
u1, . . . , us}} , (9)

which demonstrates that Q(x) is a piecewise linear function. Rewriting IR as

IR = {
(x, y) ∈ S : Q(x)− d̄2 y = 0

}
, (10)

yields the desired result. ��
By this theorem, we give the following corollaries:

Corollary 3.1 The linear BP problem (4) is equivalent to minimizing F over a feasible region
comprised of a piecewise linear equality constraint.
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Proof From (5) and Theorem 3.2, we have the desired result. ��

Corollary 3.2 A solution for the linear BP problem occurs at a vertex ofI R.

Proof A linear BP programming can be written( 5). Since F is linear, if a solution exists, one
must occur at a vertex ofI R. The proof is completed ��

Now, we give a very important theorem which is the core for proposing an approximation
K th-best approach.

Theorem 3.4 The solution (x∗, y∗)of the linear BP problem occurs at a vertex of S.

Proof Let (x1, y1), . . . , (xr , yr ) be the distinct vertices of S. Since any point in S can be

written a convex combination of these vertices, let (x∗, y∗) =
r∑

i=1
αi (xi , yi ), where

r∑
i=1

αi =
1, αi ≥ 0, i = 1, . . . , r̄ and r̄ ≤ r . It must be shown thatr̄ = 1. To see this let us write the
constraints to(4) at (x∗, y∗) in their piecewise linear form( 10).

0 = Q(x∗)− d̄2 y∗

= Q

(
∑

i

αi x i

)
− d̄2

(
∑

i

αi yi

)

≤
∑

i

αi Q(xi )−
∑

i

αi d̄2 yi

by convexity of Q(x),

=
∑

i

αi (Q(xi )− d̄2 yi ).

But by definition,

Q(xi ) = min
y∈S(xi )

d̄2 y ≤ d̄2 yi .

Therefore, Q(xi ) − d̄2 yi ≤ 0, i = 1, . . . , r̄ . Noting that αi ≥ 0, i = 1, . . . , r̄ , the equality
in the preceding expression must hold or else a contradiction would result in the sequence
above. Consequently, Q(xi )−d̄2 yi = 0 for all i . This implies that (xi , yi ) ∈ IR, i = 1, . . . , r̄
and (x∗, y∗)can be written as a convex combination of points in I R. Because (x∗, y∗) is a
vertex of I R, a contradiction results unless r̄ = 1. ��

We therefore give the following corollary.

Corollary 3.3 If x is an extreme point of IR, it is an extreme point of S.

Proof Let (x∗, y∗) be an extreme point of I R and assume that it is not an extreme point of S.
Let
(x1, y1), . . . , (xr , yr ) be the distinct vertices of S. Since any point in S can be written a
convex combination of these vertices, let (x∗, y∗) = ∑r

i=1 αi (xi , yi ), where
∑r

i=1 αi =
1, αi ≥ 0, i = 1, . . . , r̄ and r̄ ≤ r . It must be shown that r̄ = 1. To see this let us write the
constraints to (4) at (x∗, y∗) in their piecewise linear form (10).
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0 = Q(x∗)− d̄2 y∗

= Q

(
∑

i

αi x i

)
− d̄2

(
∑

i

αi yi

)

≤
∑

i

αi Q(xi )−
∑

i

αi d̄2 yi

by convexity of Q(x),

=
∑

i

αi (Q(xi )− d̄2 yi ).

But by definition,

Q(xi ) = min y ∈ S(xi )d̄2 y ≤ d̄2 yi .

Therefore, Q(xi )− d̄2 yi ≤ 0, i = 1, . . . , r̄ . Noting that αi ≥ 0, i = 1, . . . , r̄ , the equality in
the preceding expression must hold or else a contradiction would result in the sequence above.
Consequently, Q(xi ) − d̄2 yi = 0 for all i . This implies that (xi , yi ) ∈ I R, i = 1, . . . , r̄
and (x∗, y∗)can be written as a convex combination of points in I R. Because (x∗, y∗) is an
extreme point of I R, a contradiction results unless r̄ = 1. This means that (x∗, y∗) is an
extreme point of S. The proof is completed. ��

Theorem 3.2 and Corollary 3.3 have provided the theoretical foundation for our new
approach to solve FMMBP-C problems. It means that by searching extreme points on the
constraint region S, we can efficiently find an optimal solution for a linear BP problem. The
basic idea of our extended properties approach is that according to the objective function of
the upper level, we descendent order all the extreme points on S, and select the first extreme
point to check if it is on the inducible region I R. If yes, the current extreme point is the
optimal solution. Otherwise, we select the next one and check it.

More specifically, let (x[1], y[1]), . . . , (x[N ], y[N ]) denote the N ordered extreme points to
the linear programming problem

min{c̄1x + d̄1 y : (x, y) ∈ S}, (11)

such that

c̄1x[i] + d̄1 y[i] ≤ c̄1x[i+1] + d̄1 y[i+1], i = 1, . . . , N − 1,

where

c̄1 =
s∑

j=1

w j1

n∑

i=0

(
c1L

jα i
+ c1R

jα i

)
, d̄1 =

s∑

j=1

w j1

n∑

i=0

K∑

k=1

(
d1L

jkα i
+ d1R

jkα i

)
.

Let ỹ denote the optimal solution to the following problem

min( f (x [i], y) : y ∈ S(x[i])). (12)

We only need to find the smallest i (i ∈ {1, . . . , N }) under which y[i] = ỹ.
Let us write (12) as follows

min f (x, y)

subject to y ∈ S(x)

x = x[i].

From Definition 3.1(a) and (c), we have
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min f (x, y) = c̄2x + d̄2 y (13a)

subject to Ā1x + B̄1 y ≤ b̄1 (13b)

Ā2x + B̄2 y ≤ b̄2 (13c)

x = x[i] (13d)

y ≥ 0, (13e)

where

c̄2 =
K∑

z=1

wz

t∑

j=1

w j1

n∑

i=0

(c2L

j zα i
+ c2R

j zα i
),

d̄2 =
K∑

z=1

wz

t∑

j=1

w j1

n∑

i=0

K∑

k=1

(d2L

jkzα i
+ d2R

jkzα i
).

To solve(13), we need to select one ordered extreme point(x[i], y[i]), and then solve(13) to
obtain the optimal solutionỹ. If ỹ = y[i], (x[i], y[i]) is the global optimum to(4). Otherwise,
check next extreme point.

Based on above definition of optimal solution and Theorem 3.4, we propose an approxi-
mation K th-best approach for solving FMMBP-C problem as follows.
The approximation K th-best approach:

Step 1 Given weights w j1( j = 1, 2, . . ., s) and w j2( j = 1, 2, . . ., t) for the objectives
of the leader and the follower and weights (k = 1, 2, . . ., K ) for all followers,
respectively and let

s∑

j=1

w j1 = 1,

t∑

j=1

w j2 = 1,

K∑

k=1

wk = 1.

Step 2 Transform the problem FMMBP-C to the problem (3’)
Step 3 Set l = 1 and a range of errors ε > 0.
Step 4 Let the interval [0, 1] be decomposed into 2l−1 equal sub-intervals with (2l−1+1)

nodes
λi

(
i = 0, . . . , 2l−1

)
which are arranged in the order of 0 = λ0 < λ1 < · · · <

λ2l−1 = 1
Step 5 Transform the problem(3) to the problem(4) by the weighting method and solve

(MOLBP)2
l i.e.(4) by using the K th-best approach [10] for obtaining an optimal solu-

tion
(x, y)2l .

Step 6 Put i ← 1. Solve (11) with the simplex method to obtain the optimal solution
(x[1], y[1]). Let W = {(x[1], y[1])} and T = φ. Go to Step 7.

Step 7 Solve (13) with the bounded simplex method. Let ỹ denote the optimal solution
to (13). If ỹ = y[i], stop; (x[i], y[i]) is the global optimum to (4) with K ∗ = i .
Otherwise, go to Step 8.

Step 8 Let W[i] denote the set of adjacent extreme points of (x[i], y[i]) such that (x, y) ∈ W[i]
implies c̄1x+d̄1 y ≥ c̄1x[i]+d̄1 y[i]. Let T = T∪{(x[i], y[i])} and W = (W∪W[i])\T .
Go to Step 9.

Step 9 Set i ← i+1 and choose (x[i], y[i]) so that f x[i]+gy[i] = min{c̄1x+ d̄1 y : (x, y) ∈
W }. Go to Step 7.

Step 10 l = l+1, repeat Step 4 to Step 9 to solve (MOLBP)l+1
2 .
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Step 11 If
∥∥(x, y)2l+1 − (x, y)2l

∥∥ < ε, then the solution(x∗, y∗)of the FMMBP-C problem
is (x, y)2l+1 , otherwise, update l to 2l and go back to Step 10.

Step 12 Show the result of the FMMBP-C problem, stop.

4 Numerical examples

We first apply the proposed approximation K th-best algorithm to solve a simple FMMBP-C
problem, and then for a complex problem.

Example 1 Let x = (x1, x2)
T ∈ R2 be the leaders’ decision variables, and with two objectives

F1 and F2, y1 = (y1, y2, y3)
T ∈ R3 and y2 = (y1, y2, y3)

T ∈ R3 be two followers’
decision variables with their objective f1 and f2 respectively, and X = {x ≥ 0}, Y = {y ≥ 0}.
We can build the following model for the decision problem:

max
x∈X

F1(x, y) =
(
−1̃, 3̃

)
(x1, x2)

T +
(

2̃, 6̃, −1̃
)

(y1, y2, y3)
T

max
x∈X

F2(x, y) =
(

2̃, 1̃
)

(x1, x2)
T +

(
3̃, 2̃

)
(y1, y2)

T

subject to
(

2̃, −1̃
)

(x1, x2)
T +

(
3̃, 2̃, −1̃

)
(y1, y2, y3)

T ≤ 2̃
(

1̃, 3̃
)

(x1, x2)
T +

(
−1̃, 0̃

)
(y1, y2)

T ≤ 1̃

max
y∈Y

f1(x, y) =
(

3̃, 3̃
)

(x1, x2)
T +

(
2̃, 1̃, 2̃

)
(y1, y2, y3)

T

subject to
(
−8̃, 8̃

)
(x1, x2)

T +
(

2̃, 0̃, −3̃
)

(y1, y2, y3)
T ≤ 0̃

(
2̃, −8̃

)
(x1, x2)

T +
(

2̃, 4̃, 0̃
)

(y1, y2, y3)
T ≤ 4̃

max
y∈Y

f2(x, y) =
(

1̃, 3̃
)

(x1, x2)
T +

(
3̃, 2̃, 3̃

)
(y1, y2, y3)

T

subject to
(
−8̃, 8̃

)
(x1, x2)

T +
(

2̃, 0̃, −3̃
)

(y1, y2, y3)
T ≤ 0̃

(
2̃, −8̃

)
(x1, x2)

T +
(

2̃, 4̃, 0̃
)

(y1, y2, y3)
T ≤ 4̃

where

μ1̃(t) =

⎧
⎪⎪⎨

⎪⎪⎩

0 t < 0
t2 0 < t < 1
2− t 1 < t < 2
0 2 < t

, μ2̃(t) =

⎧
⎪⎪⎨

⎪⎪⎩

0 t < 1
t − 1 1 < t < 2
3− t 2 < t < 3
0 3 < t

, μ3̃(t) =

⎧
⎪⎪⎨

⎪⎪⎩

0 t < 2
t − 2 2 < t < 3
4− t 3 < t < 4
0 4 < t

,

μ4̃(t) =

⎧
⎪⎪⎨

⎪⎪⎩

0 t < 3
t − 3 3 < t < 4
5− t 4 < t < 5
0 5 < t

, μ0̃(t) =

⎧
⎪⎪⎨

⎪⎪⎩

0 t < −1
t+1 −1 < t < 0
1−t2 0 < t < 1
0 1 < t

. μ6̃(t) =

⎧
⎪⎪⎨

⎪⎪⎩

0 t < 5
t − 5 5 < t < 6
7− t 6 < t < 7
0 7 < t

,

μ8̃(t) =

⎧
⎪⎪⎨

⎪⎪⎩

0 t < 7
t − 7 7 < t < 8
9− t 8 < t < 9
0 9 < t

,
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Obvious, this is a FMMBP-C problem in which two followers sharing decision vari-
ables have the same constraints but different objective functions. It is the problem de-
scribed in Model III. It can be transformed into Model G by using a weighting method
in the followers’ objective functions. It then can be solved by using the proposed ap-
proximation K th-best algorithm which has been implemented in a bilevel decision support
system.

The solution of the problem is
(
x∗1 , x∗2 , y∗1 , y∗2 , y∗3

) =(0, 1.3696, 0.5652, 0.2464, 0)
with

max
x∈X

F1(x, y) =
(
−1̃, 3̃

)
(0, 1.3696)T +

(
2̃, 6̃, −1̃

)
(0.5652, 0.2464, 0)T

max
x∈X

F2(x, y) =
(

2̃, 1̃
)

(0, 1.3696)T +
(

3̃, 2̃
)

(0.5652, 0.2464)T

max
y∈Y

f1(x, y) =
(

3̃, 3̃
)

(0, 1.3696)T +
(

2̃, 1̃, 2̃
)

(0.5652, 0.2464, 0)T

max
y∈Y

f2(x, y) =
(

1̃, 3̃
)

(0, 1.3696)T +
(

3̃, 2̃, 3̃
)

(0.5652, 0.2464, 0)T

Example 2 Let x = (x1, x2)
T ∈ R2 be the leader’s decision variables, F1 and F2 be

the leader’s objective; y1 = (y1, y2, y3)
T ∈ R3 and y2 = (y1, y2, y3)

T ∈ R3 be two
followers’ decision variables and f 1

1 , f 2
1 and f 1

2 , f 2
2 be the followers’ objectives respectively,

X = {x ≥ 0}, Y = {y ≥ 0}. We can build the following model for the bilevel decision
problem:

max
x∈X

F1(x, y) =
(

6̃, 3̃
)

(x1, x2)
T +

(
8̃, 6̃, 1̃

)
(y1, y2, y3)

T

max
x∈X

F2(x, y) =
(

4̃, −3̃
)

(x1, x2)
T +

(
−1̃, 2̃, 6̃

)
(y1, y2)

T

subject to
(

1̃, 3̃
)

(x1, x2)
T +

(
−1̃, 0̃

)
(y1, y3)

T ≤ 1̃

max
y∈Y

f 1
1 (x, y) =

(
3̃, 3̃

)
(x1, x2)

T +
(

2̃, 0̃, 2̃
)

(y1, y2, y3)
T

max
y∈Y

f 2
1 (x, y) =

(
2̃, −1̃

)
(x1, x2)

T +
(

4̃, 3̃, −1̃
)

(y1, y2, y3)
T

subject to
(
−8̃, 8̃

)
(x1, x2)

T +
(

2̃, 0̃, −3̃
)

(y1, y2, y3)
T ≤ 0̃

max
y∈Y

f 1
2 (x, y) =

(
2̃, 1̃

)
(x1, x2)

T +
(

3̃, 1̃, 2̃
)

(y1, y2, y3)
T

max
y∈Y

f 2
2 (x, y) =

(
−1̃, 3̃

)
(x1, x2)

T +
(

2̃, −1̃, 2̃
)

(y1, y2, y3)
T

subject to − 8̃x2 +
(

2̃, 4̃, 0̃
)

(y1, y2, y3)
T ≤ 4̃
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where

μ1̃(t) =

⎧
⎪⎪⎨

⎪⎪⎩

0 t < 0
t2 0 < t < 1
2− t 1 < t < 2
0 2 < t

, μ2̃(t) =

⎧
⎪⎪⎨

⎪⎪⎩

0 t < 1
t − 1 1 < t < 2
3− t 2 < t < 3
0 3 < t

, μ3̃(t) =

⎧
⎪⎪⎨

⎪⎪⎩

0 t < 2
t − 2 2 < t < 3
4− t 3 < t < 4
0 4 < t

,

μ4̃(t) =

⎧
⎪⎪⎨

⎪⎪⎩

0 t < 3
t − 3 3 < t < 4
5− t 4 < t < 5
0 5 < t

, μ0̃(t) =

⎧
⎪⎪⎨

⎪⎪⎩

0 t < −1
t + 1 −1 < t < 0
1− t2 0 < t < 1
0 1 < t

. μ6̃(t) =

⎧
⎪⎪⎨

⎪⎪⎩

0 t < 5
t − 5 5 < t < 6
7− t 6 < t < 7
0 7 < t

,

μ8̃(t) =

⎧
⎪⎪⎨

⎪⎪⎩

0 t < 7
t − 7 7 < t < 8
9− t 8 < t < 9
0 9 < t

,

Obviously, this is a FMMBP-C problem under Model IV as there are shared decision
variables but different objectives and constraints among the two followers. Now, we first
transform it to Model G by using a weighting method. We then use the proposed approxima-
tion K th-best algorithm to get a solution.

The solution of the problem is
(
x∗1 , x∗2 , y∗1 , y∗2 , y∗3

) =(0, 0.5273, 0, 0.6, 2.8909) with

max
x∈X

F1(x, y) =
(

6̃, 3̃
)

(0, 0.5273)T +
(

8̃, 6̃, 1̃
)

(0, 0.6, 2.8909)T

max
x∈X

F2(x, y) =
(

4̃, −3̃
)

(0, 0.5273)T +
(
−1̃, 2̃, 6̃

)
(0, 0.6, 2.8909)T

max
y∈Y

f 1
1 (x, y) =

(
3̃, 3̃

)
(0, 0.5273)T +

(
2̃, 0̃, 2̃

)
(0, 0.6, 2.8909)T

max
y∈Y

f 2
1 (x, y) =

(
2̃, −1̃

)
(0, 0.5273)T +

(
4̃, 3̃, −1̃

)
(0, 0.6, 2.8909)T

max
y∈Y

f 1
2 (x, y) =

(
2̃, 1̃

)
(0, 0.5273)T +

(
3̃, 1̃, 2̃

)
(0, 0.6, 2.8909)T

max
y∈Y

f 2
2 (x, y) =

(
−1̃, 3̃

)
(0, 0.5273)T +

(
2̃, −1̃, 2̃

)
(0, 0.6, 2.8909)T

These two examples illustrate how to model a FMMBP-C problem by using proposed
models and obtain a solution by using the approximation K th-best algorithm.

5 Conclusions

A real-world bilevel decision problem may be modelled to have multiple objective functions,
fuzzy coefficients, and multiple followers. The research deals with the three issues together
when followers are in a cooperative situation. This paper proposes a fuzzy number based
approximation K th-best algorithm to solve this complex problem. Further study includes the
development of models and algorithms for other situations among followers, such as when
followers do not share or only partially share their decision variables. We will also explore
effective applications of the proposed techniques.
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